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Fracture in a planar randomly ordered ﬁber network subjected to approximately homogenous macroscopic stress and
strain ﬁeld is considered. A theory describing material degradation on a macroscopic scale is derived via Griﬃth’s energy
balance for an internal fractured area in the network assuming the active fracture process on the microscopic level is ﬁber–
ﬁber bond breakage. Attention is conﬁned to a purely mechanical theory assuming isothermal processes and the theory
relies on equations commonly used in theories of statistical physics. In the theory, a bond breaking driving force is stated
to be equal to the elastic strain energy density of a non-fractured network. A debond fraction can be coupled to a linearly
decrease of the network’s macroscopic stiﬀness. The rate of the fracture processes is determined by the network’s inherent
properties (bond and ﬁber density, bond strength, etc.). During the loading process, until onset of localization, the bond
breaks occur at randomly distributed locations spread over the ﬁber network and the theory estimate material degradation
on a macroscopic level. When localization takes place, the fracture process changes from a two-dimensional randomly dis-
tributed process to a one-dimensional process and other theories have to be included to describe post-localization behav-
ior. An approximately in-plane isotropic low-density paper is used in tensile experiments while monitoring acoustic
emission activity to evaluate the theory. The experimentally obtained results support the theory surprisingly well.
 2007 Elsevier Ltd. All rights reserved.
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When paper is strained to failure the material experience damage, a phenomenon that is irreversible in nat-
ure. The initial creation of diﬀuse microscopic fractures and subsequent localization of them in bands is often
approached by modeling networks of interlinked uniaxial structural elements, with a condition on bond or
ﬁber break threshold, and following the history of the model as the imposed macroscopic strain is increased.
The statistical characteristic of fracture formation process is then studied numerically. During the last decades0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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nian and Perkins, 1987; Herrmann and Roux, 1990; A˚stro¨m and Niskanen, 1991, 1993; Niskanen et al.,
1996; Delaplace et al., 1996 or Heyden and Gustafsson, 1998). Often, parameter studies have been performed
to reveal the inﬂuence of various micro level parameters on the geometry of the structure and the elastic stiﬀ-
ness on the macro level. A review of the subject is found in Heyden (2000).
The number of ﬁbers per gram paper is typically in the order of 1.5–13 million (Bristow et al., 1992).
Because of the high computational cost involved (at least 12 degrees of freedom per ﬁber in FE-analysis) such
an approach is inconvenient to study degradation of large paper structures. Even the smallest representative
volume element (RVE), typically in the order of 5 · 5 · 0.2 mm3, is diﬃcult to accomplish in most computer
environments for realistic network dimensions. The concept of continuum damage mechanics (CDM) oﬀers a
framework for describing material degradation at continuum level. The approach has been the subject of
numerous studies and some controversy. The authors have in several studies used a theory of CDM to analyze
the mechanical behavior of paper materials subjected to tensile loading (cf. Ha¨gglund and Isaksson, 2006). In
its original form CDM is phenomenological, with no attempt to explain the damage process itself. Conse-
quently, the approach has had little appeal to those whose interest is in the physical mechanisms that cause
material degradation. To bridge the gap, attempts have been made to couple fracture events at the micro level
to a damage parameter at the continuum level. There are several alternative starting points for such analysis
where micromechanical models have the distinct advantage of being able to capture structural details at the
micro scale and of permitting formulation of the kinetic equation for damage evolution based on the physical
process involved (among others, Maire and Chaboche, 1997; and later Chaboche and Maire, 2002). However,
due to the complexity of the microstructure in paper, fracture evolution laws based on micromechanical mod-
els are diﬃcult to develop with adequate accuracy. An alternative starting point is in the theory of statistical
physics. Among others, Mishnaevsky (1997) and Alava et al. (2006) have reviewed damage and fracture the-
ories derived from statistical physics.
Basaran and Nie (2004) proposed a damage evolution law applicable for CDM relating damage to entropy.
A similar approach for describing the fracture process in paper is discussed here. The theory relies on measur-
able macroscopic quantities. A debond fraction, which characterizes a reduction of the number of load car-
rying bonds in the ﬁber network (hence reﬂecting a decrease of internal load bearing area), is derived via
the concept of statistical physics and attention is conﬁned to a purely mechanical theory assuming isothermal
processes. Fiber–ﬁber bond rupture is considered as the only active microscopic fracture process and threshold
on bond strain energy is assumed to govern the fracture evolution.
An approximately in-plane isotropic low-density paper is used in acoustic emission monitored tensile tests
to evaluate the theory. This is a very important class of paper as almost all sanitary tissues belong to this
group. The degradation process is studied using a scanning electron microscope while loading a notched spec-
imen in tension to evaluate the assumption of ﬁber–ﬁber bond break as the prevailing fracture mechanism.
2. Theory
Consider a planar ﬁber network as illustrated in Fig. 1. The network is mechanically loaded so that in an
average sense a homogenous macroscopic stress ﬁeld rij and a homogenous macroscopic elastic strain ﬁeld eeij
are present. The volume of the network is V and each bond has a characteristic bond area Ab. The ﬁber net-bond
σ  ij
fiber
Fig. 1. Randomly ordered ﬁber network.
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open network structures is understood to be ﬁber–ﬁber bond fracture, which is supported by experimental
observations (cf. Niskanen, 1993).
It is further assumed that the loading process of the ﬁber network is carried out slowly, so that the mac-
roscopic system remains arbitrarily close to equilibrium at all stages of loading. In this case, the network is
considered quasi-static: the potential energy of the system is well deﬁned and estimations of rij and eeij can
be obtained by established theories of mechanics. Furthermore, attention is conﬁned to a purely mechanical
theory assuming isothermal processes as it is assumed that the only energy transfer between the system and its
surrounding is by mechanical work imposed on the ﬁber network by boundary tractions. Any exchange of
thermal energy with a surrounding is assumed negligible (in comparison to the mechanical energy exchange)
and the macroscopic system is considered as closed. This assumption may be questioned, but it is motivated by
the observation that heat transfer between a ﬁber network in equilibrium and a surrounding heat reservoir has
no signiﬁcant inﬂuence on the degradation of the material: a uniform increase in temperature in a stress free
body does not cause any bond fractures in the network. During monotonic loading, all internal frictional
eﬀects are vanishing and the only entropy source in the network is the disorder resulting from the creation
of bond breaks, which is manifested in that mechanical energy dissipates out from the system during the frac-
turing process as some available (stored) energy is used for fracture work.
It is well established that fracture of paper can be divided into two separate phases. Prior to peak-load, the
failures at micro level are evenly distributed over the whole system (cf. Alava and Ritala, 1990; or Herrmann
and Roux, 1990) whereupon the failure processes occurs at random locations throughout in the network. At
post peak-load elongation, the micro failure processes come together in a band of ﬁnite size and ﬁnally form a
macroscopic fracture.
When the network is mechanically strained by an inﬁnitesimal work dx some bonds may fail in a fracture
process whereupon the energy that is stored changes dw and the mechanical energy d/ dissipates. The total
balance of energy in the system during the fracture process is given bydx ¼ dw|{z}
reversible
þ d/|{z}
irreversible
ð1ÞThe considered network consists of N loaded randomly distributed bonds. During the fracture process de-
scribed by (1) dn bonds break. It is understood that the number of broken bonds is very small compared
to the total number of loaded bonds, i.e. dn N. Under the assumptions made, the mechanical dissipation
d/ is equal to the bond fracture work. The Griﬃth energy balance for an incremental increase of the total
internal fractured area dA in the network under equilibrium isd/
dA
¼  V
2Ab
dW
dn
> 0; ð2Þwhere W ¼ 1
2
eeijCijkle
e
kl is the internal elastic strain energy density and Cijkl the macroscopic stiﬀness tensor.
When a bond fractures, the increase of internal fractured area is equal to 2Ab since two surfaces are created
and it is realized that dn reﬂects a decrease of the internal load carrying area of the network. It is convenient to
introduce the thermodynamic force c = dW/dn. The available fracture energy per unit volume c is the driv-
ing force for creating bond fractures and is analogous to the deﬁnition of Griﬃth’s ‘‘fracture energy release
rate’’ in linear elastic fracture mechanics, cf. Anderson (1995). The fracture process initiates when cP c0,
where c0 is a macroscopic material parameter.
For most paper materials, bond fractures can be detected using acoustic emission techniques. An acoustic
event is assumed to originate from energy that is rapidly released when a bond breaks. In experiments it is
indicated that the cumulative number of acoustic events does grow in an exponential manner with increasing
strain up to ultimate load (localization) as illustrated in Fig. 2. From numerical simulations it is reported (cf.
Niskanen, 1993) that the local load acting on the bonds is exponentially distributed over the network. The
exponential (Boltzmann) distribution seems to be a general property of disordered materials where the disor-
der arises from randomly distributed pores (among others: Zhurkov, 1965; Stepanov et al., 1975; Niskanen,
1993; A˚stro¨m et al., 1994; or Niskanen et al., 1996). Knowing this, it seems reasonable to adopt Boltzmann’s
entropy deﬁnition as a measure of the disorder in the network,
Fig. 2. (a) Acoustic emission monitored tensile test. Displacement U0 is at onset of acoustic activity during the test. (b) Plot showing the
natural logs of the rate of number of acoustic hits (AE) versus the dissipated energy /. For simplicity are the values normalized with the
potential energy P0 at onset of acoustic activities. Details of the material and experimental set-up are discussed in Section 3.
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Here, S is the entropy of the network, X is the statistical weight of a particular macroscopic state and k is a po-
sitive constant and whose magnitude can be chosen in some convenient arbitrary way (cf. Reif, 1985). The num-
ber of microscopic states corresponding to a speciﬁc energy dissipation (fracture work) is given by the number of
ways in which n bonds can be selected out of total N loaded bonds. To create n bond breaks, n bonds of total N
bonds have to be broken. This can be done in
N
n

ways since there are
N
n

diﬀerent ways of choosing n bonds
in the network. Since it is observed that the initial failure processes occurs at random locations throughout the
network, use is made of the postulate of equal a priori probabilities and X(n) is given byX ¼ N
n
 
¼ N !
n!ðN nÞ! : ð4ÞSince the mechanical dissipation is equal to the bond fracture work it is convenient to deﬁne the network’s
temperature T as the partial derivativeT ¼ d/
dS
 
: ð5ÞTemperature is conjugate to entropy and governs the fracture rate of the system. No other meaning should be
read into T as thermal eﬀects are neglected. The only way to change the entropy of the system is by breaking
bonds so, by using (5), the relationTdS ¼ d/ > 0; ð6Þ
represents the fracture work involved in changing the system’s entropy via fracturing bonds. It is stressed that
once a bond is broken it cannot be active again and the process described in (6) is strictly irreversible. Eq. (6) is
similar to theories derived elsewhere on fracture of disordered solids, cf. Toussaint and Pride (2002). Now, (2)
and (6) gives1
T
¼ dS
d/
¼ 1
V c
dS
dn
: ð7ÞFor n 1, Stirling’s approximation for the natural logs of factorials holds, i.e.
ln½n! ¼ n ln½n  n: ð8ÞUsing (3) and (4), S(n) = k[N lnN  n lnn  (N  n) ln (N  n)] which leads to
dS=dn ¼ k ln½ðN nÞ=n: ð9ÞEqs. (7) and (9) gives
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h
¼ 1
V c
ln
N n
n
; ð10Þwhere a new positive constant h, having the dimension energy, is introduced which absorbs the previously de-
ﬁned constants k and T. Through (10) it is realized that the parameter h quantiﬁes the energy scale that sep-
arates the bond energies throughout the network, the higher it becomes, the larger variations exist among the
bond strain energies in the network. The parameter h may be interpreted so as it controls the material’s ten-
dency to deform in a non-linear manner before total failure. Since n N, and by taking exponentials of (10), a
correctly normalized probability p that n bonds (per unit volume) breaks at a speciﬁc available fracture energy
density cP c0 is given bypðcÞ ¼ e
bc=c0R1
c0
ebs=c0 ds
; ð11Þwhere the normalizing denominator is taken as the integral over all accessible states of the system and s is an
integration dummy. A dimensionless parameter b = Vc0/h is introduced which controls the rate of bond frac-
tures and depends on inherent properties of the network (ﬁber and bond densities, ﬁber geometry, bond
strength, etc.) and can be estimated in experiments. Similar expressions to (11) commonly appear in classical
theories of solid state physics that describe the probability of having a certain number of point defects in dis-
ordered structures at particular levels of available energy, cf. Kittel (1986).
When bond fractures evolve the number of load carrying bonds N are assumed approximately constant
throughout the load regime at which (11) is valid. Even tough this seems as a harsh simpliﬁcation it has phys-
ical relevance. As discussed in Niskanen (1993): the exponential distribution of bond energies in a network is
expected to not change signiﬁcantly during the loading/fracture process, except when the ratio between broken
and unbroken bonds approaches 1. During the loading process, some bonds activates while some breaks, but
this process will only result in an insigniﬁcantly small change of the global bond strain energy distribution in
the network and N can be kept at a constant level without loss of information. The bonds that become acti-
vated are mainly in the lower energy regime in the network, almost unloaded, while those who break are in the
higher energy regimes and consequently have signiﬁcant impact on the global degradation of the network’s
macroscopic stiﬀness. The interested reader is advised to Niskanen (1993) for a comprehended discussion
on this topic. The cumulative fraction bond breakages n/N fractured in the global load regime [c0,c] is esti-
mated according to (11) asn
N
¼
Z c
c0
pðsÞds ¼ 1 ebðc=c01Þ: ð12ÞIt is observed in (12) that n! N when c!1. It is important to establish a relation that connects the fraction
n/N to the network’s mechanical behavior in order to determine c. This will be done in Section 4. It is stressed
that the simpliﬁed expression in (12) yields as long as bonds fracture at random locations. At an ultimate load
(localization) the number of broken bonds in an area become suﬃciently large to serve as nuclei for macro-
scopic cracks via coalescence of micro failures, cf. Ritala and Huiku (1989) and the fracture process switches
from a two-dimensional non-correlated process to a one-dimensional process and the derived equations be-
come invalid. Other theories have then to be included to describe a post-localization material behavior.
3. Experiments
In this section are experiments described that aims to evaluate the theory. The results and following discus-
sion are found in Section 4.
3.1. Acoustic emission
Acoustic emission (AE) was used while loading paper specimens with high width/length ratio in tension to
study evolution of the fracture processes. In this case, the resulting stress ﬁeld is approximately homogenous
and the fracture process is stable for the considered material. Work carried out has shown that the way paper
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related to the fracture processes occurring within the paper’s structure (among others Gradin et al., 1997;
Salminen et al., 2003; or Yamauchi et al., 1989; Yamauchi et al., 1990; Yamauchi, 2004). AE is a well-estab-
lished technique for analysis of fracture evolution in paper and the interested reader is advised to the aforesaid
work for a comprehended description of the method and its theory. However, the basic principle in AE is that
during the fracturing of a ﬁber or a ﬁber–ﬁber bond (which will occur in the order of micro seconds), stresses
in a neighborhood of the fracture site will be redistributed and cause a rapid release of elastic energy (Salmi-
nen, 2003). This redistribution is transmitted through the material as an elastic wave, which can be recorded
on the surface of the material using an appropriate acoustic emission sensor. In this way each fracturing of a
ﬁber or a ﬁber–ﬁber bond is the source of one acoustic emission event. Fig. 3 shows what in AE-terms is
referred to as a burst signal (an event). To exclude the mechanical and electronic noise a threshold value
for the output is deﬁned and only burst signals that cross the threshold are detected and analyzed.3.2. Setup
It is beneﬁcial to study degradation processes if the fracture process is stable. In a stable fracture process
during a displacement controlled tensile test, the specimen’s stiﬀness continuously decreases as the displace-
ment is increased up to total separation of two macroscopic fracture surfaces. It is well known that for paper
materials this behavior can only be obtained at a relatively short gauge length. If the gauge length is too long,
lots of elastic energy is stored in the paper specimen prior to peak-load and released in an unstable manner at a
post peak-load elongation. The geometry of the specimens in all experiments was 80 mm (width) and 10 mm
(gauge length), Fig. 4, and the tests were performed at a displacement rate of 4 mm/min. At some point the
fracture process will localize to a narrow band whereupon the derived theory looses its validity.
A MTS servo-hydraulic testing machine was employed which has been modiﬁed to reduce its mechanical
noise to better ﬁt AE testing. For example: the hydraulic pressure has been reduced to 10% of its normal pres-
sure to decrease noise and the servo valve (which produces high frequent noise) has been removed and is
mounted far away from the machine. The AE sensor, which is a piezoelectric resonance frequency sensor from
AET, was positioned in the center point of each specimen, Fig. 4b. The AE signals were recorded by using aThreshold
Noise
Duration
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Fig. 3. A typical AE event measured in paper.
P
U
a b
Fig. 4. (a) Test geometry with a high width/length ratio. F and U is the load and displacement, respectively. (b) The acoustic sensor is held
ﬁxed on the paper with a magnetic holder located on the remote side of the specimen. The diameter of the sensor is 3 mm and the sensor is
encapsulated in a shelter (seen in picture) having a diameter of 6 mm.
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sensor is around 300 kHz it is unlikely that noise from the testing machine inﬂuences AE measurements during
the experiments.
3.3. Paper material
To ensure bond fracture as the dominating fracture mechanism, a specially designed low-density paper has
been employed. Low-density paper is a very important class of paper materials and almost all sanitary tissues
belong to this group. For this class of papers, it is reasonable to assume that there is no signiﬁcant amount of
plastic deformation of the ﬁbers since the material have a relative open network structure leading to a low
degree of bonding and consequently low axial stress in the ﬁbers prior to failure. Because of low degree of
bonding, the assumption of ﬁber–ﬁber bond fracture as a prevailing fracture mechanism for this material is
justiﬁed, as ﬁber breakage is a critical factor for paper strength only if the bonds are very strong or the ﬁbers
weak. Energy dissipation owing to plasticity processes is therefore assumed negligible. It is underlined that the
absence of plasticity processes does not mean that the material is linear elastic. On the contrary, the material is
strongly non-linear: a behavior that is entirely caused by bond fractures.
The paper material was manufactured at very low speed in a trough air drying (TAD) process resulting in
an uncreped open network having approximately in-plane isotropic mechanical properties. The material is
made from bleached unbeaten softwood chemical pulp to a basis weight of 20 g/m2 and the inverse of the den-
sity (bulk) is 11.4 cm3/g. It has a length-averaged ﬁber length of 2.2 mm and width of 23.85 lm. Since paper is
strongly inﬂuenced by moisture, mechanical testing of paper must be carried out under humidity and temper-
ature control in order to obtain reproducible results. The climate used was 23 C and 50% RH (in accordance
with ISO 187) and the specimens were conditioned for at least 48 h in this environment prior to testing.
3.4. SEM study
To further investigate the assumption that fracture is governed by bond breaks an attempt has been made
to monitor the fracture process of the considered paper material using a scanning electron microscope while
loading slender notched specimens in tension. Fig. 5 shows a sequence of micrographs where the images (1–4)
illustrate the development of fracture processes in the vicinity of a notch under increasing load. The tensile
force is induced by a tensile stage and the notched specimen is clamped at both ends at a gauge length of
10 mm. The ﬁber network appears to become increasingly open during the process of loading. This is here
interpreted as that the ﬁbers are being pulled out from the rest of the network due to a reduced degree of bond-
ing. At the length scale used in Fig. 5 there is no distinct crack path as can be observed for fracture of dense
paper materials and ﬁber breakage does not seem to occur to any signiﬁcant amount. The conclusion is that
the assumption that failure is governed by bond breaks seems to be relevant.
4. Results and discussion
4.1. Visualization of the localization process
Fig. 6 shows the six force–displacement curves obtained in AE monitored tensile tests performed on spec-
imens with high width/length ratios. Fig. 7 shows a series of photographs of a part of an additional specimen
taken during the test at loads corresponding to the upper-case letter marks in Fig. 6. One may observe that the
ﬁnal macroscopic fracture localizes in the vicinity of peak-load (point C).
4.2. Stiﬀness reduction of the ﬁber network
It is necessary to establish a relation between the fraction of broken bonds and the reduction of the net-
work’s macroscopic stiﬀness. The degree of material degradation is reﬂected in the stiﬀness reduction. Denote
the network’s degraded stiﬀness K and its initial stiﬀness K0. Since the material is considered brittle, the deg-
radation ratio K/K0 is readily given by
Fig. 6. Experimentally obtained load–displacement curves for a short and wide specimen. The lower-case letters a–f denote, respectively,
experiment while the upper-case letters denote typical locations on an arbitrary curve and are to be referred to later.
Fig. 5. SEM-micrographs a–d showing successive material degradation development at an edge of a notched specimen.
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K0
¼ F =U
F 0=U 0
; ð13Þwhere F is the force and U is the displacement measured in tensile experiment. F0 and U0 denotes the values
measured at onset of the bond fracture processes, which is determined by onset of AE activities. To strengthen
the assumption of a brittle elastic degrading material, a tensile test with cyclic loading/unloading was made,
Fig. 8. At each reloading, the ratio K/K0 is estimated from the slope of the force–displacement curve imme-
diately before it connects to the ‘‘main’’ force–displacement relation. The slopes at each cycle can all be extrap-
olated to the origin, conﬁrming that plasticity processes are limited and that the material essentially is non-
linear elastic. A conclusion is that (13) can be used to estimate K/K0.
If it is assumed that the macroscopic stress ﬁeld in the network is approximately homogenous, then a rep-
resentative value of n bond fractures per unit volume can be related to the cumulative number of acoustic
Fig. 7. Photographs taken of a low-density paper specimen during loading at corresponding locations as marked in Fig. 6 with upper-case
letters. The distance between the grips in A is 10 mm.
Fig. 8. Illustration of macroscopic stiﬀness degradation K/K0 in an experiment with cyclic unloading–reloading.
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the estimated stiﬀness ratio K/K0, by (13), and cumulative number of AE events. Immediately after onset of
the fracture process there is a small region of non-linear behavior. These initial fracture processes are consid-
ered as ‘‘statistical aliens’’ and they do not belong to the main statistical distribution. However, a small step
further into the loading process, when n 1, the bond fracture processes become evenly spread over the
network and the curve in Fig. 9 follows a smooth linear relation which begin to drop when K/K0  0.3, thus
conﬁrming the assumption that n reﬂects a broken internal load carrying area. The non-linear behavior when
K/K0 is low in Fig. 9 is explained by that the localization process become active and bond fractures are
conﬁned to a ‘‘fracture line’’ rather than evenly distributed in the network.
Supported by the results in Fig. 9 it seems fair to assume a linear stiﬀness reduction relation on the formCijkl ¼ ½1 n=N C0ijkl; ð14Þwhere C0ijkl is the non-fractured stiﬀness tensor. The fraction 1  n/N reﬂects the internal load carrying area of
the network and it is stressed that N is the characteristic number of bonds per unit volume as discussed in
Section 2.
By using (14) the strain energy density in the network is given by W ¼ 1
2
½1 n=N eeijC0ijkleekl while the bond
breaking driving force c = dW/dn is written as
Fig. 9. Estimated stiﬀness ratio K/K0, obtained with (10), in relation to the cumulative number of acoustic events.
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2N
eeijC
0
ijkle
e
kl: ð15ÞEq. (15) is very interesting because it tells us that in this simpliﬁed theory, the ratio c/c0 in (12) is none other
than equal to the elastic strain energy density of a non-fractured network normalized with W0, the strain en-
ergy density at onset of fracture processes. Using (15), the dimensionless parameter b in (11) and (12) that
inﬂuences the fracture rate is given byb ¼ W 0=hq; ð16Þ
where q = N/V is the bond density.
4.3. Evaluation of the characteristic number of loaded bonds per unit volume N
A representative value of the characteristic number of loaded bonds per unit volume Nmay be estimated by
a least-square ﬁtting procedure, Fig. 10. The lines are in each graph ﬁtted to the values measured in the inter-
mediate linear region so that they asymptotically approaches n/N! 0 when K/K0! 1 in one end and n/N! 1
when K/K0! 0 in the other end (see Fig. 10 for reference). The standard deviation of K0, obtained after all six
evaluated experiments, was determined to 12%. The rather large variation of K0 is visualized in Fig. 6 and is a
result of the quite open structure of the network material investigated. Not surprising, since the number of
bonds inﬂuence the stiﬀness, the variation of K0 is reﬂected in a matched standard deviation for N (12%).
4.4. Evaluation of the bond fracture rate parameter b
Now, when the number of loaded bonds per unit volume N is determined in each load case in Fig. 10, the
fracture rate parameter b may be estimated. As (12) is valid for low fractions n/N, one may further simplify
(12) by a Taylor expansion of the ﬁrst order according ton=N  bðc=c0  1Þ; ð17Þ
and b is estimated in the limit c/c0! 1. Fig. 11 shows the ratio n/N (where n is the cumulative number of
acoustic events) as function of c/c0 for the corresponding cases as in Fig. 10. In each graph the estimated b
is obtained by ﬁtting the measured values in the linear region in a least-square sense. The non-linear part,
when n/N is high, is interpreted as connected to the localization process and is therefore excluded. The average
value and standard deviation of b after all six evaluated tests is 0.061 ± 12%. Not surprising, b has a variance
of the same magnitude as previous estimated material properties.
4.5. Closure discussion
An interesting aspect of (12), (15) and (16) is that if b is known one may, for this class of materials, a priori
estimate the debond fraction n/N as simply a function of the highest elastic strain energy (per unit volume) one
would obtain for a non-fractured material in the loading process.
Fig. 10. The lines are in each graph a–f ﬁtted to the values estimated in the intermediate linear region so that they asymptotically
approaches n/N! 0 when K/K0! 1 in one end and n/N! 1 when K/K0! 0 in the other end.
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coincides in all experiments with a debond fraction of approximately 0.5. The variances evaluated for the
material properties are possibly due to local variations in the mechanical properties, Fig. 6. In paper of this
type there exist signiﬁcant inherent variations in the structural properties, which is a result of the manufactur-
ing procedure. Failure seems to localize to initially open regions of the network and hence the variations of the
material seem to govern the exact location of the formation of the ﬁnal ‘‘fracture line’’.
Even though the theory is based on an assumption of a randomly distributed network, i.e. a ﬁber network
having in-plane isotropy, the theory can possibly be extended to networks having in-plane anisotropic prop-
erties. As long as the prevailing fracture mechanism is bond fracture the derived theory yields also for in-plane
anisotropic ﬁber networks. However, it is stressed that if ﬁber fracture becomes an active fracture mechanism,
other theories have to be included. This is because ﬁber breakage is a directional dependent fracture mecha-
nism: the fracture plane is perpendicular to the direction of the ﬁber. In that case the microscopic fracture pro-
cess is not isotropic.
Finally, it would most likely be possible to mathematically derive an expression for the term 1/h (having the
dimension reciprocal energy), which quantiﬁes the distribution of elastic bond strain energies present in the
network. However, this is regarded to be cumbersome and suggested to be the subject of a future analysis.
Fig. 11. Measured (AE) debond fraction n/N as function of c/c0 for the corresponding cases as in Figs. 10 a–f. In each graph the estimated
b is obtained in a least-square sense.
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Fracture in a planar randomly ordered ﬁber network subjected to approximately homogenous stress and
strain ﬁelds is considered. A theory describing material degradation on a macroscopic scale is derived via Grif-
ﬁth’s energy balance for an internal fractured area in the network assuming the active fracture process on the
micro level is ﬁber–ﬁber bond breakage. Attention is conﬁned to a purely mechanical theory assuming isother-
mal processes and the theory relies on equations commonly used in theories of statistical physics.
In the derived theory, the bond breaking driving force is stated to be equal to the elastic strain energy den-
sity of a non-fractured network. A debond fraction can be coupled to a linearly decrease of the network’s mac-
roscopic stiﬀness. The rate of the fracture processes is determined by the network’s inherent properties (bond
and ﬁber density, bond strength, etc.). During the loading process, until onset of localization, the bond breaks
occur at randomly distributed locations spread over the ﬁber network and the derived theory estimate material
degradation on a macroscopic level. When localization takes place, the fracture process changes from a two-
dimensional randomly distributed process to a one-dimensional process and other theories have to be included
to describe post-localization behavior.
P. Isaksson, R. Ha¨gglund / International Journal of Solids and Structures 44 (2007) 6135–6147 6147To verify the theory, a specially designed approximately in-plane isotropic low-density paper has been used
in tensile experiments while monitoring the acoustic emission activity. The experimental results support the
theory as it has been found that (9) surprisingly well captures material behavior on the macroscopic level dur-
ing the loading process up to localization.
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